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ABSTRACT

We present a general solution for the radiation intensity in front of a purely absorbing
slab moving toward an observer at constant speed and with a constant temperature. The
solution is obtained by integrating the lab-frame radiation transport equation through the
slab to the observer. We present comparisons between our benchmark and results from
the Kull simulation code for an aluminum slab moving toward the observer at 2% the
speed-of-light. We demonstrate that ignoring certain material motion correction terms
in the transport equation can lead to 20-80% errors with the error magnitude growing as
the frequency resolution is improved. Our results also indicate that our benchmark can
identify potential errors in the implementation of material motion corrections.
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1. Radiation Spectrum in Front of a Moving Slab

We are interested in solving the problem of the radiation spectrum in front of a slab that is moving
at a fast speed that is, nevertheless, slow relative to the speed of light. In our notation, the subscript
L denotes a quantity in the laboratory reference frame, and the subscript F is for the fluid, or
co-moving frame.

Considering the observation point z = Z, we compute the solution IL(Z, µ, νL, t). This problem
is depicted in Fig. 1. For a photon to reach position Z at time tZ it will have its position z(t) given
by

z(t) = Z + µc(t− tZ). (1)
Given that the back of the slab has position zb = vt, a photon that leaves the back of the slab and
reaches Z at time tZ will be emitted at time tb that can be determined from the equation z(tb) = vtb
as

tb =

(
µctZ − Z

µc− v

)
+

, (2)

where (·)+ gives the positive part of its argument (i.e., (x)+ = x if x > 0, and (x)+ = 0 otherwise).
Similarly, a photon reaching Z at time tZ emitted from the front of the slab at time tf :

tf =

(
L+ µctZ − Z

µc− v

)
+

. (3)
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Figure 1. Schematic of the problem: a slab of length L moves in the z direction toward the
observation point at z = Z. The solution I(Z, µ, νL, t) with µ = cos θ is computed by
integrating along the ray over the length s, given by Eq. (4).

Additionally, the length of the ray through the slab for a photon is then

s = c(tf − tb) (4)

Using these relations the solution I(Z, µ, νL, tZ) is

I(Z, µ, νL, tZ) = IZ(µL, νL) =
B(γDLνL, T )

(γDL)3
[1− exp (−γDLσa,slab(γDLνL)s)] , (5)

which can be found by using an integrating factor.

2. Analytic Results and Code Benchmarking

We consider a slab of aluminum with density of 0.1 g/cm3, a thickness of L = 0.4 cm., and a
temperature of T = 1 keV. The slab is moving at a speed of 0.5994 cm/ns (about 2% of the speed
of light), a speed chosen based on a Mach 45 radiating shock benchmark [3]. The observation
point is Z = 12 cm and time tZ = 10 ns. We compute the multigroup radiation energy density
based on three group structures:

• A coarse structure with 50 logarithmically spaced groups from 0.001 keV to 30 keV,

• A medium structure of 89 total groups based on the coarse set where the extra groups are added
between 1 and 10 keV,

• A fine structure of 124 groups based on the medium set where the extra groups are added between
1 and 2 keV.
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Figure 2. Group specific opacities, κg in units of cm2/g for the aluminum slab.

These group structures were chosen to successively capture the spectral lines in the 1 and 2 keV
range. The opacities were provided by the TOPS opacity database [4] and are shown in Figure 2.

Our benchmark solution was computed by using Mathematica to compute the solutions. We can
also investigate the effects of material motion corrections (MMC) by computing the solution for
a stationary slab (i.e., v = 0), and when the frequencies in the opacity and blackbody emission
terms are not Doppler shifted by γDL (we call this the no ν Doppler solution). Even though in our
problem v/c ≈ 0.02, we will be able to show that ignoring MMC leads to errors on the order of
80% for this problem.

We can also compare the benchmark to solutions computed by the implicit Monte Carlo method
[5,6] in Kull [7]. We can verify that the MMC is correctly implemented in Kull by comparing its
solution to the benchmark. We can also compare Kull solutions with different MMC terms turned
off, for example the Doppler shift of ν and show that the benchmark can elucidate that these terms
are missing.

Results for the 50 group problem are shown in Figure 3. In Figure 3(a) the Kull solution with
full MMC and 2 × 109 particles per time step and the benchmark are compared, and reasonable
agreement outside of the low-energy groups with few computational particles is observed. The
importance of MMC is quantified in Figure 3(b) where the benchmark is compared with solutions
where the slab is stationary and without the Doppler shift on ν via the percent absolute error. Here
we can see that errors up to 20% occur in the higher energy groups when the Doppler shift of ν is
ignored. Finally, Figure 3(c) compares the Kull IMC solution with full MMC and the benchmark,
as well as the solution lacking the Doppler correction and a solution where the slab is stationary.
Figure 3(c) indicates that above photon energies of 1 keV the Kull solution is, on the whole, closer
to the benchmark than to the solutions missing MMC corrections. We can conclude from this
figure that our benchmark is able to verify if certain MMC terms are correctly implemented in a
code.
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(a) Benchmark and KULL Result
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Figure 3. Comparisons for the 50 group aluminum slab problem: (a) the benchmark solution and
the KULL IMC solution with all MMC terms, (b) comparison of the benchmark solution with a
solution where the slab is stationary (v = 0) and one where the Doppler correction for the
frequency is ignored, and (c) comparison of the KULL IMC solution with full MMC with the
benchmark solution, a solution with frequency Doppler shifts ignored, and with the slab
stationary.
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